Differential Equations
Classical to Controlled

This is Volume 162 in
MATHEMATICS IN SCIENCE AND ENGINEERING
A Series of Monographs and Textbooks
Edited by RICHARD BELLMAN, University of Southern California
The complete listing of books in this series is available from the Publisher
upon request.

Differential Equations
Classical to Controlled
Dahlard L. Lukes
Department of Applied Mathematics
and Computer Science
University of Virginia
Charlottesville, Virginia

1982

ACADEMIC PRESS
A subsidiary of Harcourt Brace Jovanovich, Publishers

New York London
Paris San Diego San Francisco

Sao Paulo Sydney

Tokyo

Toronto

©

COPYRIGHT
1982, BY ACADEMIC PRESS, INC.
ALL RIGHTS RESERVED.
NO PART OF THIS PUBLICATION MAY BE REPRODUCED OR
TRANSMITTED IN ANY FORM OR BY ANY MEANS, ELECTRONIC
OR MECHANICAL, INCLUDING PHOTOCOPY, RECORDING, OR ANY
INFORMATION STORAGE AND RETRIEVAL SYSTEM, WITHOUT
PERMISSION IN WRITING FROM THE PUBLISHER.

•

ACADEMIC PRESS, INC.

111 Fifth Avenue, New York, New York 10003

United Kingdom Edition published by
ACADEMIC PRESS, INC. {LONDON) LTD.
24/28 Oval Road, London NWI

7DX

Library of Congress Cataloging in Publication Data
lukes, Dahlard l.
Differential eq~ations.
(Mathematics in science and engineering)
Bibl iography: p.
includes index.
I. Differential equations, Linear. 2. Differential
equations, Nonlinear. 3. Control theory. I. Title.
I i. Series.

QA372.L84
515.3'5
ISBN O-12-459980-X

82-6797
AACR2

PRINTED IN THE UNITED STATES OF AMERICA

82 83 84 85

987654321

To my parents,
Lawrence and Josephine

This page intentionally left blank

Contents

xi

Preface

Chapter 1 Introduction
1.1.
1.2.
1.3.
1.4.

Chapter 2

Origin and Evolution
Sources of First-Order Equations
Classical Questions
Control Questions

1

4

12
15

Matrix Algebra-The Natural Language
of Linear Systems
2.1.
2.2.
2.3.
2.4.
2.5.
2.6.
2.7.
2.8.

Terminology
Addition, Multiplication, and Scalar Multiplication
The n-Vector Spaces ?}in
Systems of Linear Algebraic Equations
Matrix Inversion
Large-Scale Matrix Computations Using Computers
Determinant Functions
Eigenvalues, Eigenspaces, Characteristic and Minimal
Polynomials
2.9. The Jordan Form of a Matrix

19

20
23

25
29

31
35
39

43

Chapter 3 Linear Constant-Coeffident Equations:
Computation
3.1. The Initial-Value Problem
3.2. The ABC Algorithm
3.3. A Vector Method for Computing the Matrix C

47
48

54

viii

Contents
3.4. Explicit Formulas for C(c) and eIl(t)
3.5. Additional Comments about Computing and Changing
Variables

Chapter 4

59
60

Linear Constant-Coefficient Equations:
Theory
4.1. Preliminary Remarks
4.2. Some Elementary Matrix Analysis
4.3. Existence, Uniqueness, and Solution
Representations Using etA.
4.4. The Structure of etA
4.5. The Theoretical Foundation of the ABC Algorithm
for Computing etA.
4.6. Explicit Formulas for C(c) and etA.

64
65
72
77
78

83

Chapter 5 Linear Constant-Coefficient Equations:
Qualitative Behavior
5.1. Stability and Periodic Oscillation
5.2. The Lyapunov Approach to Asymptotic Stability

92
95

Chapter 6 General Linear Equations with Time-Varying
Coefficients
6.1.
6.2.
6.3.
6.4.
6.5.
6.6.
6.7.
6.8.

Widening the Scope
Preliminaries
The Fundamental Matrix Series Defining ell
Existence and Uniqueness of Solutions to Vector
Differential Equations and Their Duals
Variation-of-Parameters Formulas for Vector and
Matrix Differential Equations
Estimates of Solution Norms
Fundamental Matrices of Equations with
Time-Varying Coefficients
Continuous Time, Discrete State Markov Processes

106

107
108
112
114
115
128
132

Chapter 7 Commutative Linear Differential Equations
7.1. Introductory Comments
7.2. The Definition and an Example of Commutative
Equations

138
139

ix

Contents
7.3. Computation of Closed-Form Solutions to Linear
Commutative Equations
7.4. Some Sufficient Conditions for Commutivity
7.5. Matrix Functions and Operations Preserving
Commutivity
7.6. The Special Case n = 2
7.7. A Criterion for Exponential Decay of Solutions

140
145
148
157
160

Chapter 8 Periodic Linear Equations
8.1. Periodic Homogeneous Equations
8.2. Qualitative Behavior
8.3. Nonhomogeneous Equations
8.4. Periodic Commutative Equations

Chapter 9

162
167

172

175

Local Existence and Uniqueness Theory
of Nonlinear Equations
9.1. Complications That Can Occur
9.2. Local Existence and Uniqueness

Chapter 10 Global Solutions

10.1. Introduction
10.2. Maximal Solutions and Extensions of Local
Solutions
10.3. The Behavior of Solutions on Maximal Intervals

181
182

190
190

192

Chapter11 The General Solutio~Dependence
of Solutions on Parameters
11.1. Mathematical Preliminaries
11.2. A Space of Curves
11.3. The General Solution (D, 'f) to the Cauchy Problem
(D, f) and Continuous Dependence on Parameters
11.4. Differential Dependence of the General Solution
(D, 'f) on Parameters and Related Variational
Equations

200

202

205

212

Chapter12 Limit Properties of Solutions
12.1.
12.2.
12.3.
12.4.
12.5.

Limit Sets and Invariance
Stability of Nonlinear Equations
Partial Stability
Local Behavior and Linearization about Rest Points
Planar Systems

223

231

236

243

250

Contents

x

Chapter 13 Applications in Control Theory
13.1.
13.2.
13.3.
13.4.
13.5.
13.6.
13.7.
13.8.
13.9.

The Controlled and Uncontrolled Equations
Transient and Steady-State Parts of the Solution
The Frequency Response Function
The ABC Approach to Computing Frequency
Response Matrices
Controllability
Altering System Dynamics by Linear Feedback
Decoupling and Recoupling-Noninteractive Design
Controllability of Nonlinear Equations
The Domain C of Null Controllability

261
262
263
266
269
275
284
307
313

References

317

Index

319

Preface

This book deals with the classical theory of differential equations,
showing some of the impact that computers and control theory are having
on the subject. It is based on notes that I developed in recent years while
teaching an advanced-undergraduate beginning-graduate course aimed at
applied mathematics and engineering students. These notes succeeded
better than the numerous textbooks that I tried in dealing with the somewhat heterogeneous background of my students. All had studied calculus
and beginning differential equations and had some familiarity with matrix
manipulations. Additional courses in advanced calculus or analysis
proved helpful but were not crucial. The book provides a basis for a onesemester course for such students. To complete the text, say in a secondsemester course, the students should first have acquired some knowledge
of analysis, linear algebra, and topology.
The historical development of differential equations and control theory
is sketched in Chapter 1, in which motivation and an overview of the
subjects are also provided.
Chapter 2 contains a brief review of matrix theory and notions of linear
algebra that are drawn on throughout much of the book. It can be skipped
and used only as a reference if the instructor wishes to require a course in
matrix theory as a prerequisite.
On the basis of a heuristic matrix approach, which I have dubbed the
ABC method, I introduce in Chapter 3 the computational aspects of linear
constant-coefficient systems. The theoretical underpinning and the move
to progressively more general equations are found in succeeding chapters,
in contrast to the usual approach of treating nonlinear equations first. The
loss in efficiency seemed to be outweighed by the pedagogical advantage
gained, wherein the applied science students first see the theory building
upon real analysis at a less abstract level and only after they are well into
xi

xii

Preface

the course. At the same time the more mathematically inclined students
get a better picture of where the loss of theoretical detail occurs during the
transition to more general equations and more abstract concepts.
In recent years, great progress has been made in "the use of computers
to solve large systems of linear algebraic equations and to compute eigenvalues. The ABC approach developed in this book reflects my efforts to
reduce the problem of generating the analytical (closed-form) solutions to
large systems of linear .differential equations to the first problem and
hence to exploit this progress . The applications of the ABC formula made
here demonstrate its theoretical as well as computational value. The study
of the variable coefficient systems that I call commutative equations,
which appears in Chapters 7 and 8, grew out of this renewed interest in
computing. The theorem concerning linearization of nonlinear equations
about a hyperbolic rest point, first studied by Poincare in the context of
analytic systems and later settled by Hartman, is given an elementary
proof in Chapter 12in order to add further significance to linear equations.
In Chapters 9-12, I cover many of the standard topics dealing with
nonlinear equations. Dependence of solutions on parameters and associated variational equations are given particular attention.
Although Chapter 13 is intended to provide only an introduction to
control theory, the material covered is of fundamental importance to
anyone with limited opportunities for studying modern control theory. In
many respects the feedback theory presented in this chapter goes far
beyond the old-fashioned root locus and transfer function methods still
being taught in many courses: I believe it is necessary to devote special
attention to the computational aspect of the decoupling problem since the
abstract theory of the past ten years does not seem to have percolated
down into the engineering texts, in spite of the recognized importance of
the problem in applications.
It should be noted that the sections of Chapter 13 on control theory
(1-7) could be covered after finishing Chapters 1-5, and in general the
book can be used in several ways. For example, a one-semester introductory level systems-oriented course might cover Chapters 1-6 and 8, and
Sections 1-7 of Chapter 13. If students have had matrix theory and some
complex function theory, then Chapter 2 could be skimmed over and
Chapter 7 inserted into the course coverage. If more emphasis were to be
placed on nonlinear equations, using Chapters 1-6,9, and 10 would leave
some time to pick and choose from the topics in Chapters 11 and 12. If the
text were to be used for a two-semester sequence, the chapters would be
covered in the normal order, with the option of skipping Chapter 7. Numerous examples and exercise sections have been inserted at appropriate
points throughout the book.
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Chapter

1

Introduction

This chapter begins with a historical sketch of events that shaped the
development of the subject. Its simple examples illustrate the well-established
applicability of differential equations. They also provide motivation for the
choices of the model equations studied in later chapters and indicate some
of the new directions that control ideas have given to the classical theory.
1.1

Origin and Evolution

Since its invention by Isaac Newton circa 1666, the theory of ordinary
differential equations has occupied a central position in the development of
mathematics. One reason for this is its widespread applicability in the
sciences. Another is its natural connectivity with other areas of mathematics.
Newton conceived the idea of a gravitational field and concluded that the
rate of change of the momentum of a free particle of mass in such a field must
equal the gravitational force exerted upon it by that field. His equality is an
example of what is now called a differential equation. The necessity for
defining the meaning of the rate of change of a non uniformly changing variable prompted his discovery of differential and integral calculus. With these
new concepts he was able to explain the tides and place the motion of the
moon and planets upon a firm mathematical foundation. The phenomenal
success of extensions of his ideas into engineering, physics, mathematics, and
other branches of science now has a rich history. The profundity of Newton's
original discovery is reflected in the fact that the continually expanding
notions of derivative, integral and differential equation still underlie much of
modern mathematical research.
Following Newton, a number of great mathematicians, including Cauchy,
Peano, and Riemann, contributed to what is now referred to as the classical
1

2
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foundations of differential equations-a major topic of this text. The theory
provides an elegant and powerful treatment of existence and uniqueness
problems as well as other questions. In effect, it established the logical
legitimacy of differential equations as models for scien.tifi.c phenomena.The
scientist's concern is thus reduced to selecting the appropriate equations.
Control. theory, a relatively modern development, attempts to go a step
further.
Control phenomena, in contradistinction to control theory, have their
primordial origins in nature. The biologist Richard Dawkins regards the gene
as a fundamental control element in his view of Darwin's theory of natural
selection [6]. He envisions a gene as arising from a special configuration of
organic molecules that somehow appeared in the primordial soup with the
stability property of attracting sequences of elementary molecules from the
environment and then splitting into two copies of the original after a threshold of complexity had been reached-a kind of primitive cell division.
Another biologist, Lyle Watson, entertains the idea that these seed molecules
might have originated from beyond the earth, possibly from the tails of
comets through whose debris the earth passed [26]. At any rate, this replicator soon populated and in the process altered its environment by depleting
the supply of elementary molecules. The variability in the replication produced a family of competing replica tor types. Some complexes of replicator
molecules stumbled upon adaptive control processes that allowed them to
survive the competition and the changing environment. Those discovering
reproductive behavior and possessing other strong stability characteristics
persisted through" successive generations. Thus, nature advanced toward
creating a biological invariant called life. After some 4 billion years, this
scenario culminates in the fundamental problem of biology; to determine
how the information stored in the DNA of the cell's genes is used in
controlling the cellular development of the surviving organisms.
Dawkins regards living organisms as elaborate, highly successful survival
structures built about their genes. Proceeding from this view, he goes on to
offer new explanations for altruism and other unusual forms of behavior
exhibited by some species. Watson suggests that man may have reached such
a complex state of development that, in some profound manner, the genes'
control is linked with and perhaps is superseded by the subconscious mind.
Some scientists speculate that man's behavior, institutions, perception of
himself, and possibly physical reality itself evolve according to some higher
levels of Darwinian natural selection.
Whatever the origin and evolution of living things, the present world
abounds with organisms, each operating sophisticated control mechanisms.
The human body's system for maintaining its temperature within the narrow
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range necessary for survival is a good example. Another is its immunological
system for identifying and destroying invading bacteria and other foreign
substances. Watson discusses the possibility that unstable cell growth is a
common occurrence in physiology and that cancer develops when the
identification process fails or when for some other reason the stabilizing
immunological feedback system malfunctions. Examples of such automatic
control systems can easily be multiplied.
Civilization has long been concerned with control at various levels of
consciousness. Childrearing, education, religion, and politics all involve a
high degree of psychological control. The manifold institutions of government-including the maverick education-are highly evolved control
devices intended to help manage (but unfortunately often dictating) man's
affairs.
Thus it appears that control phenomena have pervaded all aspects of life
since its beginning and undoubtedly will continue to do so. Only in relatively
recent times have engineers finally injected the element of control into their
equations. The manner in which this came about is rather interesting.
In 1769 James Watt, a Scottish engineer, invented the governor for steam
engines. This early example of a feedback control system was a device for
maintaining a specific speed of the flywheel of an engine operating under
variable load. Before that- time, the applications of the steam engine were
quite limited. The Watt governor dramatically transformed the steam engine
into a feasible mechanism for delivering steady power and consequently was
an important factor in the occurrence of the industrial revolution.
Control phenomena attracted very little mathematical interest before 1900,
with the exception of J. C. Maxwell's 1868 study of the steady-state error
which occurred in applications of the Watt governor [17].
A great period of-industrialization took place from about 1900 up to
World War II. It witnessed the development of large-scale power generation
and transmission, aeronautics, the chemical industry, communications, and
electronic engineering. This activity gave rise to the design of many pneumatic, hydraulic, electromechanical, and electrical regulators. The period,
sometimes referred, to as the era of handbook engineering, was narrowly
directed toward a few specific applications, relied heavily upon low-order
linear models in Laplace transform form, and generally employed rather
limited areas of mathematics.
This status began to change rapidly during World War II, stimulated by
such problems as fire control (which involves the rapid and accurate positioning of guns). The great advances in electronics, followed by the emergence
of analog and digital computers, greatly expanded the horizons of control.
The upgrading of the mathematical training of engineers was another

4
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important factor involved in the transformation of control engineering into a
science. These engineers were better prepared to define problems mathematically and to develop new concepts of control. This is tum allowed
mathematicians to bring to bear upon the problems the power of abstract
mathematics. Control theory is now regarded as one of the major areas of
mathematics.
Increasing numbers of scientists and laymen are recognizing the controltheoretic aspect of many of the serious problems of mankind that arise from
the expansion and growing complexity of the world's evolving systems with
their seemingly inextricable coupling. A major difficulty is that the actual
dynamics and coupling of these systems are often poorly understood and
sometimes ignored for economic, political, or other reasons. One important
example of this is the problem of controlling insect damage to crops [1 J. It is
estimated that in 1977 at least 250 million pounds of pesticides were dumped
on California alone in an effort to combat insect damage to farm crops. (The
complexity of the problem is indicated by the fact that in spite of these
chemicals there remain 70 major insect pests that plague corn.) With Darwin's
natural selection operating as predicted, the intended victims often develop
resistant varieties, and these survivors are even more difficult to control.
Moreover, the chemicals often create harmful imbalances in the ecosystem
that trigger other infestations, contaminate drinking water, and generate
many other problems. Again, the examples can be multiplied. The critical
nature of these problems sorely awaits applications of control science outside
classical areas of engineering.
During the past 15 years, a great deal has been learned about the mathematical control of finite-dimensional systems, although the theory is far
from complete. Currently there is considerable interest in the control theory
of systems with time-delay and in systems modeled by partial differential
equations (see [20J). Many of these problems can be treated by the theory of
functional analysis as ordinary differential equations in infinite-dimensional
(function) spaces.
In this book, we treat primarily the classical theory of differential equations
at the more modest finite-dimensional level where, ordinarily, more detailed
results are available. This provides a firm foundation for more advanced
study of the control aspects of such equations for those wishing to pursue
the subject.
1.2 Sources of First-Order Equations

Although only limited space can be devoted to discussing practical
applications in this book, some feeling for simple kinds of problem situations
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Fig. 1.2.1 A heat-flow system with input.

which can be modeled by differential equations is desirable. The following
examples serve that purpose.

Example 1.2.1 Flow and Mixing. Suppose that water is pumped between
three thermally insulated tanks through connecting pipes at rates '1 = 1,
'2 = 2 gallons per minute, configured as in Fig. 1.2.1. Initially each tank
contains 100 gallons of water at specified temperatures. The temperatures of
the water in the tanks change with time due to the pumping between tanks.
Tank 1 has a heat exchanger which allows heat to be injected or extracted
directly at a rate of u(t) British thermal units (Btu) per minute. Thus u(t) is
regarded as an input to the system and the output of interest is the temperatures of the water in the tanks. Since the temperature of a gallon of water is
proportional to the heat that it contains, it is sufficient to work with xlt), the
amount of heat in the ith tank at time t (i = 1, 2, 3). By taking into account
the heat flow both into and out of each tank and using the fact that the heat
flow rate through a pipe equals the water flow rate times the heat per unit
volume of water, it is easy to see that the appropriate system of differential
equations satisfied by the x;(t) (assuming the heat loss and the contents of
the pipes to be negligible) is

2[x100 + u(t),
2(t)]
dX2(t) = l[x (t)
]_l[x100
100
'
dt
dX3(t) = l[x (t)] 1[x2(t)] _ 2[x 3(t)]
100 +
100
100 .
dt

dx 1(t)
. dt

= 2[x 3(t)] _
100
1

1(t)]

(1.2.1)

1

Letting x(t) denote a column-vector variable with scalar coordinate variables
X2(t), X3(t), system (1.2.1) can be rewritten as a single vector-matrix

Xl (t),

